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We investigate the non-ergodi properties of blinking nano-rystals using a stohasti approah.
We alulate the distribution funtions of the time averaged intensity orrelation funtion and show
that these distributions are not delta peaked on the ensemble average orrelation funtion values;
instead they are W or U shaped. Beyond blinking nano-rystals our results desribe non-ergodiity in
systems stohastially modeled using the Lévy walk framework for anomalous diusion, for example
ertain types of haoti dynamis, urrents in ion-hannel, and single spin dynamis to name a few.
Statistis of uoresene intensity signals from single
moleules, atoms, and nanorystals are in many ases an-
alyzed using intensity orrelation funtions (e.g., [1, 2℄).
These orrelation funtions are used to investigate a
wide range of dynamial behaviors, for example eets
like anti-bunhing and the stohasti dynamis of large
moleules oupled to their environment ([3, 4℄ and Ref.
therein). In standard theories it is assumed that the pro-
ess of photon emission is stationary and ergodi. In
ontrast, measurements of intensity orrelation funtions
obtained from single nano-rystals (NCs) exhibit a non-
stationary and non-ergodi behavior [5, 6℄; as suh these
systems exhibit a statistial behavior very dierent than
other single emitting objets.
More speially, the uoresene emission of single
olloidal NCs, e.g. CdSe quantum dots, exhibits inter-
esting intermitteny behavior [7℄. A standard method to
analyze suh intensity signals is to dene a threshold Ith
and dene two states: on if I(t) > Ith and o otherwise.
For apped NCs (e.g. CdSe(ZnS) ore-shell NC) on and
o times exhibit power law statistis [8, 9℄, their proba-
bility density funtion (PDF) behave like ψ(τ) ∝ τ−(1+θ)
for large τ , and θ < 1. For example in [6℄ 215 NCs
were measured and the exponents θon = 0.58± 0.17 and
θoff = 0.48 ± 0.15 were found (note that within error
of measurement θon = θoff = θ), further all NCs are
reported to be statistially idential. Sine θ < 1 the
average on and o times are innite. The divergene of
oupation times naturally leads to non-ergodiity in the
blinking NCs [5, 6℄ (see also [10℄ for related disussion).
Other measurements lassify the intermitteny based on
time average orrelation funtion or losely related power
spetrum [5, 11, 12℄. In this type of analysis of the ex-
perimental data there is no need to introdue a threshold
value Ith.
From a single realization of intensity trajetory I(t),
reorded in a time interval (0, T ′), we may onstrut the
time averaged (TA) orrelation funtion
CTA(t
′, T ′) =
∫ T
0 I(t+ t
′)I(t)dt
T
, (1)
where we denoted T = T ′ − t′. On the other hand we
may generate many intensity trajetories one at a time,
and then average to obtain the ensemble average orre-
lation funtion 〈I(t)I(t + t′)〉. Single moleule experi-
ments investigate time average orrelation funtions. If
the random proess I(t) is ergodi, the time average and
the ensemble average orrelation funtions are idential
in statistial sense, provided that the measurement time
is long. Theories of orrelation funtions of single emit-
ting objets are many times based on the assumption
that the single moleule intensity trajetories are ergodi
and hene for simpliity, theories onentrate on the al-
ulation of the ensemble average orrelation funtion. In
this Letter we quantify the non-ergodi properties of the
orrelation funtions of blinking NCs, using a stohas-
ti approah. A related question of non-stastionarity, or
more speially aging of the ensemble average orrela-
tion funtion, is a subjet of intensive researh in the
literature [2, 13, 14, 15℄.
We use a simple two state stohasti model, with whih
orrelation funtions and non-ergodiity of the NCs are
investigated. The intensity I(t) jumps between two states
I(t) = 1 and I(t) = 0. At start of the measurement t = 0
the NC begins in state on I(0) = 1. A shemati re-
alization of the intensity utuations is shown in Fig.
1. The proess is haraterized based on the sequene
{τon1 , τ
off
2 , τ
on
3 , τ
off
4 , · · ·} of on and o sojourn times
or equivalently aording to the dots on the time axis
t1, t2, · · ·, on whih transitions from on to o or vie
versa our (See Fig. 1). The sojourn time τi is an
o time if i is even, it is an on time if i is odd. The
times τi are drawn at random from the PDF ψ(τ). These
sojourn times are mutually independent, identially dis-
tributed random variables. We will onsider the ase
ψ(τ) ∝ τ−(1+θ) where 0 < θ < 1. When θ > 1, or
when ψ(τ) is exponential, we nd an ergodi behav-
ior. Note that similar intermitteny behavior desribes a
wide range of physial systems and models. In partiular
the model desribes a Lévy walk, whih is an important
stohasti model for anomalous diusion desribing dy-
namis of systems mentioned in the abstrat [2, 16, 17℄.
The power law behavior of the sojourn times of the NCs
an be explained based on simple physial models. For
example random energy trapping models and random
walks models [18℄ an be used to model suh behavior,
though urrently it is not lear yet what is the physi-
al mehanism behind the observed power law behavior
[2, 9, 11℄.
In Fig. 1, ten typial simulated orrelation funtions
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Figure 1: (a) A shemati representation of intensity blinking,
note that we redene tn to be equal to T . (b) Ten numerially
generated realizations of the orrelation funtion CTA(t
′, T ′)
versus r = t′/T ′, for θ = 0.8. The orrelation funtions ex-
hibit non-ergodi behavior and are random, for ergodi pro-
esses all the ten time averaged orrelation funtions would
follow the same master urve, namely the ensemble average
orrelation funtion.
are plotted, the most striking feature of the gure is
that the orrelation funtions are random. These or-
relation funtions are similar to those obtained in the
experiment [5℄. Mathematially, the question of non-
ergodiity may be formulated in the following way. Sine
the proess I(t) is random the time average orrelation
funtion CTA(t
′, T ′) is random. For ergodi proesses,
and in the long measurement time limit, the distribution
of CTA(t
′, T ′) is delta peaked and entered around the
ensemble average orrelation funtion. For non-ergodi
proesses the goal is to obtain the non-trivial limiting dis-
tributions of CTA(t
′, T ′) whih dier from the narrowly
peaked delta funtions found for ergodi proesses. In
what follows we will denote PCTA(t′,T ′)(x) to be the PDF
of CTA(t
′, T ′).
To start our analysis we rewrite the time average or-
relation funtion as
CTA(t
′, T ′) =
∑n
i odd
∫ ti
ti−1
I(t+ t′)dt
T
, (2)
where we used the initial ondition that I(t) = 1 at time
t = 0. Hene I(t) = 1 in ti−1 < t < ti when i is odd,
otherwise it is zero. The summation in Eq. (2) is over
odd i's, and tn = T , namely n−1 in Eq. (2) is the random
number of transitions in the interval [0, T ]. From Eq. (2)
we see that the time averaged orrelation funtion is a
sum of the random variables
∫ ti
ti−1
I(t+ t′)dt =


τi − t
′ + Iit
′ i odd ti − ti−1 > t
′
Iiτi i odd ti − ti−1 < t
′
0 i even
(3)
where
Ii =


∫
ti+t
′
ti
I(t)dt
t′ if ti − ti−1 > t
′∫
ti+t
′
ti−1+t
′
I(t)dt
τi
if ti − ti−1 < t
′.
(4)
The Ii's are time averages of the signal I(t) over periods
of length t′ or τi = ti− ti−1. Using Eqs. (2,3) we nd an
exat expression for the orrelation funtions in terms of
{τi} and {Ii}
TCTA (t
′, T ′) =
n∑
i odd
τi−
n∑
i odd
τi < t
′
(1−Ii)τi−t
′
n∑
i odd
τi > t
′
(1− Ii) .
(5)
The rst term on the right hand side of this equation is
T+ the total time spent in state on in the time interval
[0, T ], in the remaining two terms we have onsidered
sojourn times τi larger or smaller than t
′
separately.
We now illustrate the rih behaviors of the PDF
PCTA(t′,T ′)(x) using numerial simulations, and later we
onsider the problem analytially. We generate random
realization of the proess using ψ(τ) = θτ−1−θ for τ > 1
and show two ases: θ = 0.3 in Fig. 2 and θ = 0.8 in Fig.
3. In both gures we vary r ≡ t′/T ′. The diamonds are
numerial results whih agree very well with the theoret-
ial urves, without any tting. First onsider the ase
r = 0 in Figs. 2,3. For θ = 0.3 and r = 0 we see from
Fig. 2 that the PDF PCTA(t′,T ′)(z) has a U shape. This
is a strong non-ergodi behavior, sine the PDF does not
peak on the ensemble averaged value of the orrelation
funtion whih is 1/2 for this ase. On the other hand,
when θ = 0.8 the PDF PCTA(t′,T ′)(z) has a W shape, a
weak non ergodi behavior. To understand the origin of
this type of transition note that as θ → 0 we expet the
proess to be in an on state or an o state for the whole
duration of the measurement, hene in that ase the PDF
of the orrelation funtion will peak on CTA(t
′, T ′) = 1
and CTA(t
′, T ′) = 0 (i.e U shape behavior). On the other
hand when θ → 1 we expet a more ergodi behavior,
sine for θ = 1 the mean on and o periods are nite,
this manifests itself in a peak of the distribution funtion
of CTA(t
′, T ′) on the ensemble average value of 1/2 and a
W shape PDF emerges. Note that for θ < 1 there is still
statistial weight for trajetories whih are on or o for
periods whih are of the order of the measurement time
T ′, hene the distribution of CTA(0, T
′) attains its max-
imum on CTA(0, T
′) = 1 and CTA(0, T
′) = 0. For r > 0
we observe in both gures a non-symmetrial shape of the
PDF of the orrelation funtion, whih will be explained
later.
We rst onsider the non-ergodi properties of the or-
relation funtion for the ase t′ = 0. It is useful to dene
I[a,b] =
∫ b
a
I(t)dt/(b− a), (6)
the time average intensity between time a and time b > a.
Using Eq. (5) and for t′ = 0 the time averaged orrelation
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Figure 2: The PDF of CTA(t
′, T ′) for θ = 0.3 and dierent
values of r = t′/T ′. The diamonds are numerial simulations
and the urves are analytial expression obtained for: (a)
r = 0, Eq. (8) solid urve, (b) r = 0.01, 0.1, Eq. (12) dashed
urve, and () for r = 0.5, 0.9, 0.99, Eq. (15) solid urve. In
the ergodi phase the PDF of CTA(t
′, T ′) would be peaked
around the ensemble average orrelation funtion, whih for
r = 0 falls on 1/2 and for t′ → ∞ is on 1/4 (for any r 6= 0).
We see that any measurement is highly unlikely to yield the
ensemble average when θ = 0.3.
funtion is idential to the time average intensity
CTA(0, T ) = I[0,T ] =
T+
T
. (7)
The random orrelation funtion CTA(0, T ) has a known
asymptoti behavior in the limit T →∞, found originally
by Lamperti [19℄ (see also [13℄), this PDF is denoted with
limT→∞ PCTA(0,T )(x) = lθ(x), and
lθ (x) =
sinπθ
π
xθ−1 (1− x)
θ−1
x2θ + (1 − x)2θ + 2xθ (1− x)
θ
cosπθ
,
(8)
for 0 ≤ x ≤ 1. The transition between the U shape
behavior and the W shape behavior happens at θc =
0.5946.... The Lamperti PDF is shown in Figs. 2 and 3
for the ase r = 0, together with the numerial results.
We now onsider an analytial approah for the ase
t′ ≪ T . The behavior of PCTA(t′,T )(x) for t
′ 6= 0 is non-
trivial, beause the Ii's in Eq. (5) depend statistially
on the random variables τi. To treat the problem we use
a non-ergodi mean eld approximation. We notied al-
ready that Ii dened in Eq. (4) are short time averages
of the intensity, hene using mean eld theory approah
we replae the Ii in Eq. (5) with the time average inten-
sity I[0,T ], spei for a given realization. Replaing Ii
with the ensemble average intensity is not appropriate.
Hene within mean eld
TCTA(t
′, T ′) = I[0,T ]T −
(
1− I[0,T ]
)
(t′N+ +
n∑
i odd
τi < t
′
τi)
(9)
where N+ is number of odd (i.e. on) intervals satisfying
τi > t
′
and i ≤ n.
We now investigate the distribution of CTA(t
′, T ′) us-
ing the approximation Eq. (9), leaving ertain details of
our derivation to a longer publiation. First we replae
N+ with its saling form. Let P (τ > t′) =
∫∞
t′ ψ(τ)dτ
be the probability of τ being larger than t′, we have
N+ ≃ KP (τ > t′)T+/
∫ T+
0 τψ(τ)d τ, where K is a on-
stant of order 1, and T+/
∫ T+
0 τψ(τ)d τ is total number
of jumps in time interval T+. A more rened treatment
yields
N+ ≃
sinπθ
πθ
[(
T+
t′
)θ
− 1
]
, (10)
whih is valid for T+/t′ > 1. Similar saling arguments
are used for the sum in Eq. (9) whih lead to
n∑
i odd,τi<t′
τi ≃
(
T+
)θ
(t′)1−θ, (11)
an approximation whih is valid for t′ < T+. For t′ > T+,
N+ = 0 and
∑n
i odd,τi<t′
τi = T
+
. In summary and after
some rearrangements we obtain
CTA(t
′, T ′) ≃

 I[0,T ]
{
1−
(
1− I[0,T ]
) [(
r
(1−r)I[0,T ]
)1−θ (
sinpiθ
piθ + 1
)
− sin piθpiθ
r
(1−r)I[0,T ]
]}
t′ < T+
I2[0,T ] t
′ > T+.
(12)
Eq. (12) yields the orrelation funtion, however unlike
standard ergodi theories the orrelation funtion here is
a random funtion sine it depends on I[0,T ]. The distri-
bution of CTA(t
′, T ′) is now easy to nd using the hain
rule, and Eqs. (7,8, 12). In Figs. 2,3 we plot the PDF
of CTA(t
′, T ′) (dashed urves) together with numerial
simulations (diamonds) and nd exellent agreement be-
tween theory and simulation, for the ases where our ap-
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Figure 3: Same as Fig. 2 however now θ = 0.8. If ompared
with the ase θ = 0.3, the distribution funtion exhibits a
weaker non-ergodi behavior, namely for r = 0 the distribu-
tion funtion peaks on the ensemble average value of 1/2.
proximations are expeted to hold r < 1/2. We observe
that unlike the r = 0 ase the PDF of the orrelation
funtion exhibit a non-symmetrial shape. To under-
stand this note that trajetories with short but nite to-
tal time in state on (T+ ≪ T ) will have nite orrelation
funtions when t′ = 0. However when t′ is inreased the
orresponding orrelation funtions will typially deay
very fast to zero. On the other hand, orrelation fun-
tions of trajetories with T+ ∼ T don't hange muh
when t′ is inreased (as long as t′ ≪ T+). This leads
to the gradual nonuniform shift to the left, and absorp-
tion into CTA(t
′, T ′) = 0, of the Lamperti distribution
shape, and hene to non-symmetrial shape of the PDFs
of orrelation funtion, in general, whenever r 6= 0.
Finally, we turn to the ase T ≪ t′. Sine t′ is large
we use a deoupling approximation and write Eq. (1) as
CTA(t
′, T ′) ≃ I[0,T ]I[t′,T ′]. (13)
We distinguish between two types of trajetories, those
in whih no transition event ours in the time interval
[T, T ′] and all other trajetories. Let P0(a, b) be the prob-
ability of making no transition between time a and time
b, also alled the persistene probability [13℄,
P0(a, b) ∼
sinπθ
π
∫ a/b
0
xθ−1 (1− x)
−θ
dx (14)
in the saling limit. Using the Lamperti distribution for
I[0,T ], and probabilisti arguments with details left to the
Appendix, we nd the PDF of CTA(t
′, T ′)
PCTA(t′,T ′) (z) ≃ [1− P0 (T, T
′)]
{
[1− P0 (t
′, T ′)]
∫ 1
z
lθ (x)
x
dx+
P0 (t
′, T ′)
2
[lθ (z) + δ (z)]
}
+P0 (T, T
′)
[
zlθ (z) +
δ (z)
2
]
.
(15)
Note that to derive Eq. (15) we used the fat that I[0,T ]
and I[t′,T ′] are orrelated. In Figs. 2,3 we plot these
PDFs of CTA(t
′, T ′) (solid urves) together with numeri-
al simulations (diamonds) and nd good agreement be-
tween theory and simulation, for the ases where these
approximations are expeted to hold, r > 1/2. In the
limit t′/T ′→ 1 Eq. (15) simplies to
PCTA(t′,T ′)(z) ∼ [ℓθ(z) + δ(z)]/2, (16)
a result whih is easily understood if one realizes that
in this limit I[t′,T ′] in Eq. (13) is either 0 or 1 with
probabilities 1/2, and that the PDF of I[0,T ] is Lamperti's
PDF Eq. (8).
To summarize, our work lassies the nonergodi prop-
erties of photoemission intensity signal from NCs, and
more generally Lévy walks, and yields an analytial tool
for the investigation of the nonergodi orrelation fun-
tions.
This work was supported by National Siene Founda-
tion award CHE-0344930.
Appendix A: DERIVATION OF EQ.(15)
To alulate the PDF of CTA(t
′, T ′) in Eq.(13) we use
two steps: (i) alulate the PDF of I[t′,T ′] whih statisti-
ally depends on I[0,T ] and then (ii) using the distribution
of I[0,T ], whih is the Lamperti's PDF Eq.(8), alulate
the PDF of CTA(t
′, T ′).
Using the persistene probability, we approximate the
onditional PDF of I[t′,T ′] for a given I[0,T ] in the ase
T ≪ t′ by
fI[t′,T ′](z|I[0,T ]) ≃ [1− P0 (T, T
′)]QI[t′,T ′] (z) + P0 (T, T
′)
[
I[0,T ]δ (z − 1) +
(
1− I[0,T ]
)
]δ (z)
]
, (A1)
where QI[t′,T ′] (z) is the PDF of I[t′,T ′] onditioned that at least one transition ours in [T, T
′]. In Eq. (A1) we
5introdued the orrelation between I[t′,T ′] and I[0,T ] through the dependene of the right hand side of the equation
on I[0,T ]. We assumed that in the ase of no transitions in the time interval [T, T
′], the probability of the interval
[t′, T ′] to be all the time either on or off (the only possible hoies) is linearly proportional to the value of I[0,T ].
The persistene probability ontrols also the behavior of
QI[t′,T ′] (z) ≃ [1− P0 (t
′, T ′)] Θ (0 < z < 1) + P0 (t
′, T ′)
δ (z) + δ (z − 1)
2
. (A2)
Briey, we assumed that if a transition ours in the
interval [t′, T ′] the distribution of I[t′,T ′] is uniform [i.e.,
Θ(0 < z < 1) = 1 if the ondition in the parenthesis is
orret℄. This is a rude approximation whih is, how-
ever, reasonable for our purposes (however when θ ap-
proahes 1, this approximation does not work). The delta
funtions in Eq.(A2) arise from two types of trajetories:
If no transition ours either I[t′,T ′] = 1 (state on) or
I[t′,T ′] = 0 (state off) with equal probability.
Based on Eq.(13), the PDF of CTA(t
′, T ′) is
PCTA(t′,T ′)(z) ≈
∫ 1
0
ℓθ(x)fI[t′,T ′]
( z
x
∣∣∣x) dx
x
, (A3)
where we use the observation that I[0,T ] is distributed
aording to Lamperti distribution Eq.(8). Finally, from
Eqs. (A1,A2,A3) we obtain Eq.(15).
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